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We analyze the collective properties of charged interlayer excitons observed recently in bilayer
semiconductor van der Waals heterostructures. We predict new strongly correlated phases — crystal
and Wigner crystal — that can be selectively realized with bilayers of proper electron-hole effective
masses and interlayer separation distance. Our results open up new avenues for nonlinear coherent
control, charge transport and spinoptronics applications with van der Waals heterostructures.
Strongly correlated coherent states of excitons have
been a subject of intense theoretical and experimental
studies over the last decades [1–10]. The topic has gained
momentum recently due to new emerging materials of
reduced dimensionality such as atomically thin van der
Waals (vdW) bound layers of semiconducting transition
metal dichalcogenides (TMDs) [11–15]. These layered
quasi-two-dimensional (2D) semiconductors make the ex-
citon formation possible of electrons and holes located in
distinct layers [16–20]. Due to the dimensionality reduc-
tion and because of a greatly reduced electron-hole wave-
function overlap, interlayer (or indirect) excitons thus
formed have large binding energies and long lifetimes.
Being electrically neutral, they feature a permanent elec-
tric dipole moment directed perpendicular to the layers,
offering tunability of their quantum states by an exter-
nal electric field. Similar to indirect excitons in conven-
tional GaAs based coupled quantum well systems [21, 22],
the interlayer excitons (IE) in vdW heterostructures can
be coupled to light to form dipolar exciton-polaritons,
allowing control of quantum phenomena such as electro-
magnetically induced transparency, adiabatic photon-to-
electron transfer, room-temperature Bose-Einstein con-
densation (BEC) and superconductivity [23–27].
For bilayer TMD heterostructures, controlled optical
and electrical generation of IEs and charged IEs (CIEs,
also known as trions formed by indirect excitons [28])
has lately been achieved [20]. Their in-plane propagation
through the sample was adjusted by the excitation power
and perpendicular electrostatic field. These experiments
exhibit a unique potential of TMD bilayers for achieving
precise control over composite quantum particles of both
bosonic (IE) and fermionic (CIE) nature. The CIEs offer
even more flexibility in this respect as they have both net
charge and permanent dipole moment as well as non-zero
spin (Fig. 1), to allow for electrical tunability and optical
spin manipulation in charge transport and spinoptronics
experiments with quasi-2D vdW heterostructures.
Here, we consider the collective properties of the neg-
ative and positive CIEs starting with their binding ener-
∗ Corresponding author email: ibondarev@nccu.edu
FIG. 1. (Color online) The composite structure and pair-
wise interaction geometry for the unlike-charge (a) and like-
charge (b) interlayer exciton complexes (trions) in a bilayer
quasi-2D semiconductor.
gies in bilayer quasi-2D semiconductor heterostructures.
We derive the general analytical expressions as functions
of the electron-hole effective mass ratio and interlayer
separation distance to explain the experimental evidence
earlier reported for the negative CIE to have a greater
binding energy than that of the positive CIE [20]. Our
analysis of the pairwise interactions between the CIEs, as
sketched in Fig. 1, exhibits two scenarios for crystalliza-
tion phase transitions in the collective multiparticle CIE
system. They are the crystallization of the unlike-charge
CIEs and the Wigner crystallization of the like-charge
CIEs, which can be selectively realized in practice by
choosing bilayers with appropriate electron-hole effective
mass ratio and interlayer separation in addition to the
standard technique of electrostatic doping. We conclude
that this strongly correlated multiexciton phenomenon
of CIE crystallization can be realized in layered van der
Waals heterostructures such as double bilayer graphene
and bilayer TMD systems [20, 27], to open up new av-
enues for nonlinear coherent optical control and spinop-
tronics applications with charged interlayer excitons.
2The binding energy.— The composite structure of the
CIE complexes of interest is sketched in Fig. 1. We use
the configuration space approach [29] to derive the bind-
ing energy expressions for the CIEs as functions of their
electron-hole effective mass ratio σ =me/mh and inter-
layer separation distance d. This approach was recently
proven to be efficient as applied to quasi-1D [30] and
quasi-2D bilayer semiconductors [28] where it offers eas-
ily tractable analytical solutions to reveal universal rela-
tions between the binding energy of the complex of in-
terest and that of the 1D-exciton or that of the indirect
(interlayer) exciton [31], respectively. The method itself
was originally pioneered by Landau [32], Gor’kov and
Pitaevski [33], Holstein and Herring [34] in their studies
of molecular binding and magnetism.
The negative X− (positive X+) trion complex in Fig. 1
can be viewed as two equivalent IEs sharing the same hole
(electron). The CIE bound state then forms due to the
exchange under-barrier tunneling between the equivalent
configurations of the electron-hole system in the config-
uration space of the two independent relative electron-
hole motion coordinates representing the two equivalent
IEs that are separated by the center-of-mass-to-center-
of-mass distance ∆ρ. The binding strength is controlled
by the exchange tunneling rate integral JX±(∆ρ). The
CIE binding energy is
EX± (σ, d) = −JX± (∆ρ=∆ρX± ) (1)
with ∆ρX± to be determined from an appropriate vari-
ational procedure to maximize the tunneling rate, which
corresponds to the CIE ground state. This approach
gives an upper bound for the (negative) ground state
binding energy of an exciton complex of interest [28–30].
It captures essential kinematics of the formation of the
complex and helps understand the general physical prin-
ciples to underlie its stability.
Using the configuration space method for solving the
CIE ground state binding energy problem, we obtain [35]
JX± (∆ρ) = 2N
4∆ρ2 exp
[
−2α
(√
∆ρ2 + 4d2 − 2d
)]
×

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where α=2/(1+2
√
d ) andN=4/
√
1+ 4
√
d+ 8d(1+
√
d )
are the interlayer separation dependent constants coming
from the indirect (interlayer) exciton wave function [31],
and the upper or lower term should be taken in the curly
brackets for the positive or negative CIE, respectively.
Here the 3D ”atomic units” are used [31–34], whereby the
distance and energy are measured in units of the exciton
Bohr radius a∗B=0.529 A˚ ε/µ and exciton Rydberg energy
FIG. 2. (Color online) (a) Binding energies of the positive and
negative CIEs as functions of the interlayer separation d and
screening length r0 as given for σ=1 and 0.7 by Eqs. (1), (2)
and (4). (b) Crosscuts of (a) for r0 =0 and 0.1 to show the
binding energy splitting for the positive and negative CIEs
with unequal electron-hole masses. (c) Solutions to equation
E
X
+(σ, d)=E
X
−(σ, d) for three values of the screening length.
Ry∗= h¯2/(2µm0a
∗2
B ) = 13.6 eVµ/ε
2, respectively, where
ε represents the effective average dielectric constant of
the bilayer heterostructure and µ=me/(λm0) stands for
the exciton reduced effective mass (in units of the free
electron mass m0) with λ = 1 + me/mh = 1 + σ. The
image-charge effects are neglected [31]. To properly take
into account the screening effect for the charges forming
the CIEs as sketched in Fig. 1, we used the Keldysh-
Rytova interaction potential (see Ref. [36]) approximated
by elementary functions in the form
Veff(ρ) =
e2
r0
[
ln
(
1 +
r0
ρ
)
+ (ln 2− γ)e−ρ/r0
]
(3)
proposed for atomically thin layers in Ref. [37], to repre-
sent the effective electrostatic potential for like charges
in monolayers. Here, ρ is the in-plane intercharge dis-
tance and r0=2piχ2D is the screening length parameter
with χ2D being the in-plane polarizability of 2D mate-
rial [37, 38]. For unlike charges the interlayer electrostatic
potential is taken to be in the standard Coulomb form
VC(r)=−e2/εr with r=
√
ρ2 + d2.
The function JX± (∆ρ) in Eq. (2) is clearly seen to
have a maximum. It tends to become a negative when
α∆ρ < 1 in the second term in the square brackets,
which is always the case for large enough d whereby
α ≈ 1/
√
d ∼ 0 and the first term in the square brackets is
3FIG. 3. (Color online) (a) The exact electrostatic interac-
tion potentials U (attractive) and V (repulsive) as functions
of R and d calculated for the pairs of unlike- and like-charge
trions with σ = 1 and 0.5, respectively, in their symmetry-
promoted most likely configurations shown in Fig. 1. (b) The
approximate analytical (dashed black lines) and calculated d-
dependences of Rmin (top, green line) and Umin (bottom, red
dots) for the U -potential surface in (a). (c) Critical densities
(top) and temperatures (bottom) for the Wigner crystalliza-
tion transition of the manypaticle system of like-charge trions.
negligible, whereas for α∆ρ > 1 it is manifestly positive
and approaching zero as ∆ρ increases. Extremum seek-
ing under the condition that ∆ρ > 1 to only include the
leading terms in small 1/∆ρ, gives a compact result [35]
∆ρX± =
7α− 1−
{
σ
1/σ
}
2α2
−
(
3 + 2
{
σ
1/σ
})
r0 . (4)
Substituting this in Eq. (1), one obtains the positive and
negative CIE binding energies of interest.
Figure 2 (a) shows the binding energies EX+ and EX−
calculated from Eqs. (1), (2) and (4) with σ=1 and 0.7
as functions of d and r0. For σ=1 they coincide [28]. For
σ=0.7 the positive-negative CIE binding energy splitting
is seen to occur in the entire domain of parameters used.
Figure 2 (b) shows the crosscuts of Fig. 2 (a) for r0 =0
and 0.1 to exhibit the remarkable features of the screen-
ing and binding energy splitting effects. The screening
of like charges in the CIE complex is seen to increase its
binding energy. The X± trion energy splitting at short
d is such that |EX−|> |EX+|, which agrees with and thus
explains the measurements reported recently for (h-BN)-
encapsulated MoSe2–WSe2 bilayer heterostructures [20].
As d increases the crossover occurs to give |EX−|< |EX+|
with |EX− | quickly going down to zero, which is also seen
in Fig. 2 (a). On closer inspection of Eqs. (2) and (4) it
can be seen though that |EX−| and |EX+| swap places for
σ > 1 (not shown here), thereby offering an extra func-
tionality for properly fabricated vdW heterostructures.
Equation EX+(σ, d)=EX−(σ, d) links the electron-hole
mass ratio σ and interlayer separation d at which the
crossover occurs. For σ=1 it turns into an identity [28].
The three lines in Fig. 2 (c) present the nontrivial solu-
tion to this equation, σ(d), for three different r0 values.
The screening is seen to shrink the |EX−|> |EX+| domain
and expand the |EX−|< |EX+| domain (above and below
the solution line, respectively). Since the greater binding
energy increases the formation probability, these domains
are also those to preferentially form theX− andX+ trion,
respectively, while the constraint EX−=EX+ defines the
line of equal X± formation probabilities. Thus by vary-
ing d for a properly chosen TMD bilayer composition
with known σ, one can selectively control intrinsic posi-
tive/negative CIE formation in an undoped heterostruc-
ture as opposed to the electrostatic doping technique.
Unlike-charge trion crystallization.— For undoped
structures of two monolayers with σ = 1 as well as for
those with σ 6= 1 fabricated to hit the EX− = EX+ line,
both X− and X+ trions are equally likely to form under
intense external irradiation at not too high temperatures
T < |EX±|/kB. This results in an overall neutral two-
component manyparticle mixture of X− and X+ trions.
The aggregate state of a manyparticle system is defined
by its Helmholtz free energy consisting of the total energy
term and the entropy term. The entropy term becomes
dominant at high T to favor configurations with greater
randomness. At not too high T the total energy term —
the sum of kinetic, potential and binding energies of indi-
vidual particles — overcomes the entropy term so that an
ordered state is favored, with the order-disorder transi-
tion being predominantly determined by the interparticle
pairwise interaction potential energy [39].
The long-range Coulomb interaction of the pair of CIEs
(trions) is strengthened by their permanent dipole mo-
ments directed perpendicular to the plane of the struc-
ture to provide the stronger attraction/repulsion for the
unlike/like-charge trion pairs. Their actual exact inter-
action potential depends on the relative orientation of
the triangles formed by the three charges in a trion com-
plex. The exact potential includes nine terms to couple
electrons and holes in two complexes by means of the
Veff(R,∆ρX± , r0) and VC(R,∆ρX± , d) potentials, where
R is the trion center-to-center distance [35]. Figure 3 (a)
shows the exact interaction potentials U and V as func-
tions of R and d for unlike- and like-charge trion pairs
(shown for σ=1 and 0.5, respectively; no major change
4observed with the variation of σ) in their symmetry-
promoted most likely configurations presented in Fig. 1.
The unlike-charge trion pairwise interaction potential
exhibits a deep attractive (negative) minimum and a
strongly repulsive (positive) core for all d in the range
presented, in contrast with the manifestly repulsive like-
charge trion pairwise potential. This is what makes the
order-disorder transition in the two-component unlike-
charge trion system identical to that in a 1D antifer-
romagnet, or that in an AB type alloy with A and B
components randomly mixed at high T and ordered on
the ionic-crystal-type superlattice of interpenetrating a-
and b-sublattices below T (N)c =zv/2kB, the Ne´el temper-
ature [39]. Here, z is the number of the nearest neighbors
on the superlattice and v=(vAA+vBB)/2−vAB>0 is the
combined nearest-neighbor coupling constant written in
terms of those of respective sublattices. In our case here,
the ordering below T (N)c creates 1D chains (z=2) of the
two interpenetrating sublattices with collinear CIE per-
manent dipole moments in each of the two, which are
anticollinear to each other. In full analogy, taking the pa-
rameters Rmin and Umin=U(Rmin) of the minimum of the
potential U in Fig. 3 (a) to represent the chain period and
the unlike-charge trion coupling constant, respectively,
one obtains T (N)c ≈ [V (2Rmin)−U(Rmin)]/kB ≈ |Umin|/kB.
Here, V (2Rmin) ≈ 0 stands for the repulsive interaction
coupling constant of the like-charge trions whose sublat-
tice period is twice greater than the period of the chain.
The top and bottom panels in Fig. 3 (b) present the ex-
act d-dependences of Rmin and Umin calculated for the U -
potential surface shown in Fig. 3 (a). Their approximate
expressions can be relatively easily found analytically by
seeking the U -potential minimum under the conditions
r0, d<1 and ∆ρX± >1 consistent with Eq. (4). This leads
to Rmin≈(ree + rhh)/2 and Umin≈−1/d+ 1/ree + 1/rhh,
where ree=(1+1/σ)∆ρX− and rhh=(1+σ)∆ρX+ are the
interelectron and interhole distances in the negative and
positive CIE, respectively. These expressions are seen to
reproduce the numerical calculations quite well, within
the approximations used, to demonstrate the fast drop of
|Umin| (and TcN for the unlike-charge trion crystallization
transition, accordingly) with Rmin slowly rising as the in-
terlayer separation d in the heterostructure increases.
Like-charge trion Wigner crystallization.— In hetero-
structures of two monolayers with σ 6=1 separated by an
interlayer distance not to fulfill the EX−(σ, d)=EX+(σ, d)
constraint, including electrostatically doped heterostruc-
tures, either X− or X+ trions are most likely to form
under intense irradiation. As can be seen from Fig. 2,
for σ < 1 the domains |EX−|> |EX+| and |EX−|< |EX+|
are located at smaller and greater d to form like-charge
trions — negative and positive, respectively, as long as
their binding energy absolute values exceed the thermal
fluctuation energy at a given T .
An ensemble of repulsively interacting particles (or
quasiparticles, structureless or composite) forms a Wig-
ner lattice when its average potential interaction energy
exceeds average kinetic energy, 〈V 〉/〈K〉=Γ0 > 1. This
was previously shown for systems such as 2D electron
gas [40], cold polar molecules [41], and indirect exci-
tons [4]. For like-charge trions in Fig. 1 (b), the Coulomb
repulsion at large R is strengthened at shorter R by
the dipole-dipole repulsion of their collinear permanent
dipole moments (to result in the pairwise interaction po-
tential V illustrated in Fig. 3), while the total kinetic
energy is additionally contributed by the rotational term
K(r)
X±
= h¯2l(l + 1)/2IX± with l = 0, 1, 2, ... being the or-
bital quantum number and IX±=mh,erhh,ee/2 represent-
ing the moment of inertia for CIE rotation about its per-
manent dipole moment direction. The low-T statistical
averaging over l leads to the characteristic rotational mo-
tion ”freezing” temperature T (r)
X±
= h¯2/kBIX± (see, e.g.,
Ref. [42]). By direct analogy with the hydrogen molecu-
lar ion problem this can be rewritten as T (r)
X+
≈σ|EX+|/kB
and T (r)
X−
≈|EX−|/kBσ (see, e.g, Ref. [43]), indicating the
rotational degrees of freedom to be frozen out (at least
for the case of σ being close to unity typical of TMDs, in
particular [44, 45]) as long as the CIEs are stable against
the thermal fluctuations.
With no rotational term contribution, it is straightfor-
ward to get a qualitative picture of the like-charge trion
Wigner crystallization by performing an analysis analo-
gous to that done in Ref. [40] for the 2D electron gas.
With slight modifications to include the dipole repulsion
in the interparticle interaction potential V and to replace
the electron mass by the CIE mass in the translational
kinetic energy K, the expressions for the zero-T critical
density nc and for the critical temperature T
(W)
c of the
Wigner crystallization phase transition take the form [35]
ncX± =
2
pid2
(
g±Γ0
4d
)21− 1
2
(
4d
g±Γ0
)2
−
√
1−
(
4d
g±Γ0
)2 ,
T (W)cX± =
4Ry∗
kB g±Γ20
, (5)
g±(σ) =
(
3 +
{
1
2
}
σ +
{
2
1
} 1
σ
)−1
.
The quantities ncX± and T
(W)
cX± are shown on the top and
bottom of Fig. 3 (c) as functions of d and σ (<1), respec-
tively, for moderate Γ0 values [40]. As d increases so does
〈V 〉 once the dipole repulsion becomes appreciable. With
constant Γ0 this leads to the 〈K〉 increase and ncX± rise,
accordingly. The latter is slightly lower for the negative
CIE due to its smallerK because of the smaller mass than
that of the positive CIE. Lowering σ generally lowers the
CIE mass thus decreasing its K whereby T (W)cX± increases.
These are the general trends featured in Fig 3 (c).
Estimates for the effects discussed.— In our model only
two parameters are needed, ε and µ, to evaluate the ef-
fects predicted. We choose nominal ε=14 and µ=0.25
typical of TMDs [38] to get a∗B≈30 A˚ and Ry∗≈ 0.02 eV.
Then d=0.2 corresponds to the vdW interlayer distance
of 0.6 nm earlier reported experimentally [20]. This gives
T (N)c ≈ 850K, T (W)cX±≈ 20K and ncX±≈ 1012 cm−2 as per
5graphs in Fig. 3 (b) and (c). The fact of T (N)c being much
greater than |EX±|/kB (typically ∼10 meV [20, 28]) tells
that the ”antiferromagnetically” ordered 1D chain phase
is the actual ground state of the manyparticle like-charge
trion system. The obtained ncX± and T
(W)
cX± are, respec-
tively, close to and exceed those reported experimentally
for IEs [20, 27]. This suggests that the Wigner crystal-
lized CIE phase can be realized in properly fabricated
vdW heterostructures with the twofold overbalance of
negative [as in Fig. 1 (b)] or positive charge carriers.
To summarize, we predict the existence of new strongly
correlated collective CIE states in highly excited vdW
heterostructures such as bilayer TMD and double bilayer
graphene systems. These states represent the long-range
ordered phases of the excited system — the crystal phase
and the Wigner crystal phase. A relevant analysis of the
photoemission properties of crystallized excitonic states
can be found in Ref. [9]. We evaluate the critical tem-
peratures and density for the formation of such manypar-
ticle collective crystallized CIE states. We demonstrate
that they can be selectively realized with bilayers of prop-
erly chosen electron-hole effective mass ratio by just vary-
ing their interlayer separation distance. We believe that
these results open up new avenues for nonlinear coherent
control, charge transport and spinoptronics applications
with van der Waals heterostructures.
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